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Abstract
Our main result is that for a minimal flow ϕ on a compact manifold M , either M is a torus and the flow is topologically conjugate
to an irrational flow, or M is not a torus and every parametrization of ϕ has sensitive dependence on initial conditions. Our results
depend heavily on the work of Lopez and Candel.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper, let M denote a closed Riemannian n-dimensional manifold. A flow ϕ :R × M → M is
minimal if every orbit O(x) = {ϕt (x) | t ∈ R} is dense in M . Our main theorem, Theorem 1, provides a dichotomy
for minimal flows. Either the ambient manifold M is a torus and the flow is topologically conjugate to an irrational
flow, in which case the distance between points is preserved by the flow, or M is not at torus and the flow is nowhere
equicontinuous, in which case the flow tends move points apart. The irrational flows on tori of course fall into the first
category and horocycle flows on unit tangent bundles of surfaces of constant negative curvature fall into the second
category. In both of these cases the flow is defined using the geometry of the manifold. This observation, together with
our main theorem, suggests that perhaps every minimal flow is related to some geometry on the ambient manifold.
Theorem 1. Let ϕ be a minimal flow on a compact Riemannian manifold M .
• If M is a torus then ϕ is topologically conjugate to a linear flow with irrational slope(s).
• If M is not a torus then every parametrization of ϕ has sensitive dependence on initial conditions.
Our primary tool for proving Theorem 1 is Theorem 3, proven by Lopez and Candel in [9].
A flow is Riemannian if given any points x, y ∈ M , the value of d(ϕt (x),ϕt (y)) is independent of t ∈R. A flow has
sensitive dependence on initial conditions if there exists a ε > 0 such that given any point x ∈ M and any neighborhood
N of x, there exists a point y ∈ N such that d(ϕ(t, x),ϕ(t, y)) > ε from some t ∈R. A flow has sensitive dependence
on initial conditions if and only if it is nowhere equicontinuous, defined as follows. A flow is nowhere equicontinuous
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such that d(ϕt (x),ϕt (y)) > . Proposition 1 gives an alternative formulation of nowhere equicontinuous.
Equicontinuity and nowhere equicontinuity are important properties for dynamical systems and foliations in gen-
eral. It was proven by Auslander and Yorke that minimal maps are either equicontinuous or have sensitive dependence
on initial conditions in [2]. (Also see [1].) Thus, Theorem 1 can be interpreted as a parallel of this theorem for flows.
The extension of theorems involving minimal maps to theorems for minimal flows is, in general, nontrivial. In par-
ticular, it is known that there exists a minimal homeomorphism on S3 (see [4]), but it is not known if there exists a
minimal flow on S3.
It was first conjectured whether there exists a minimal flow on S3 by Gottschalk in [5]. By Theorem 1, a minimal
flow on S3 must either be Riemannian or nowhere equicontinuous. The Riemannian flows on S3 are well known, and
are not minimal. Hence, we get the following corollary.
Corollary 1. If ϕ is a minimal flow on S3 then ϕ is nowhere equicontinuous.
It is proven in [7] that a minimal flow on S3 must be weakly mixing, which implies Corollary 1. However, we
include this corollary because of the relationship between to expansive flows. A flow ϕ on M is said to be expansive if
for any ε > 0 there exists a δ > 0 such that if x, y ∈ M satisfy d(ϕt (x),ϕh(t)(y)) < δ for some increasing homeomor-
phism h :R→R with h(0) = 0 and all t ∈R, then y = ϕt (x) for some |t | < ε. Proposition 1 suggests that a nowhere
equicontinuous flow behaves like an expansive one. It is proven in [8] and [12] that S3 does not admit an expansive
flow. Hence a minimal flow would have to be nowhere equicontinuous but not expansive. Perhaps the construction of
stable and unstable foliations in [8] for expansive flows can be repeated for nowhere equicontinuous minimal flows to
provide an obstruction to a minimal flow on S3.
Proposition 1. A flow ϕt on a manifold M is nowhere equicontinuous ⇔ there exists an ε > 0 such that given any x
the set
Eε(x) =
{
y ∈ M | d(ϕt (y),ϕt (x))> ε for some t ∈R}
is open and dense in M . We call Eε(x) an expansion set of radius ε about x.
Proof. It is clear that the above property implies that ϕ is nowhere equicontinuous, so it suffices to prove the forward
implication.
So suppose that ϕ is nowhere equicontinuous. First observe that for any x ∈ M and ε > 0, the set E(x) is open by
continuity with respect to initial conditions.
Now choose an  > 0 as provided by the definition of nowhere equicontinuity. Let ε = /2. We claim that Eε(x)
is dense in M for any x ∈ M .
Suppose, to get a contradiction, that there exists a point x ∈ M such that Eε(x) is not dense in M . Then there exists
a y0 ∈ Nε(x) and an r > 0 such that
d
(
ϕt (x),ϕt (y)
)
< ε for all y ∈ Nr(y0) and t ∈R.
Assume that r is small enough that Nr(y0) ⊂ Nε(x). Then, for all y ∈ Nr(y0) and all t ∈R,
d
(
ϕt (y0), ϕt (y)
)
 d
(
ϕt (y0), ϕt (x)
)+ d(ϕt (x),ϕt (y))< ε + ε = .
This contradicts the assumption that ϕ is nowhere equicontinuous. 
2. Foliations and holonomy
In this section we provide some basic notation and a few simple lemmas concerning holonomy pseudogroups and
flows. A k-dimensional foliation of an n-dimensional manifold M is a partition of M into k-dimensional immersed
sub-manifolds called the leaves of the foliation. See the excellent book [3] for details. A nonsingular C1 flow defines
a foliation, the orbits of the flow being the leaves of the foliation. An important tool in studying foliations is the
holonomy pseudogroup of the foliation. We want to define the holonomy pseudogroup in the case of a flow. The
definitions for the general case are presented in [3].
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flow that has local flow box coordinates. (It is sufficient to assume that ϕ is C1, and if M is 3-dimensional then it is
sufficient to just assume ϕ is continuous.) Since M is compact we can choose a finite cover {Bi}i∈I by flow boxes.
Choose coordinates on the flow boxes as
(s, x1, . . . , xn−1), where s, xk ∈ (0,1) for all k.
We can assume that the flow ϕ restricted to Bi is ϕt (s, x1, . . . , xn−1) = (t + s, x1, . . . , xn−1) for t ∈ (−s,1 − s). For
each i ∈ I define the map πi by
πi(s, x1, . . . , xn−1) = s.
For each i ∈ I , choose a point xi ∈ Bi and define
Σi = π−1i ◦ πi(xi)
and
Σ =
⋃
i∈I
Σi.
Observe that each Σi is a cross section to the flow, being transverse to the flow. Moreover, Σ is a global cross section,
being transverse to the flow and intersecting the orbit through every x ∈ M in both positive and negative time. We
assume that the Σi are chosen as to be pairwise disjoint.
Suppose that x0 ∈ Σ and y0 = ϕt (x0) ∈ Σ . Then there exists neighborhoods V of x0 and W of y0 in Σ and a
map h :V → W such that h(x0) = y0 and h(x) = ϕτ(x)(x) for all x ∈ V for some continuous function τ :V →R. The
collection of all such maps h, is called the holonomy pseudogroup for ϕ, denoted Γϕ . The definition for a pseudogroup
of local homeomorphisms of a manifold N is given in Definition 1. (See [9,10], or [11].) The holonomy pseudogroup
of a flow is a pseudogroup of local homeomorphisms of the global cross section Σ that are induced by flow.
Definition 1. Let N be a q-manifold. A Cr pseudogroup Γ on N is a collection of Cr diffeomorphisms h :D(h) →
R(h) between open subsets of N satisfying the following axioms:
(1) If g,h ∈ Γ and R(h) ⊂ D(g) then g ◦ h ∈ Γ .
(2) If h ∈ Γ then h−1 ∈ Γ .
(3) IdN ∈ Γ .
(4) If h ∈ Γ and W ⊂ D(h) is an open set then h|W ∈ Γ .
(5) If h :D(h) → R(h) is a Cr diffeomorphism between open subsets of N and if for each w ∈ D(h), there is a
neighborhood W of w in D(h) such that h|W ∈ Γ , then h ∈ Γ .
A set of generators of Γ is a subset G ⊂ Γ such that every element can be constructed out of elements of G be the
above pseudogroup operations of composition (where defined), inversion, restriction, and combination of maps.
A holonomy pseudogroup Γϕ is said to be Riemannian if each h ∈ Γϕ is a local isometry for some Riemannian
metric on Σ . If the flow is C1, then the holonomy pseudogroup is Riemannian if and only if the flow is topologically
conjugate to a Riemannian flow.
A holonomy pseudogroup is said to be quasi-analytic if each h ∈ Γϕ is the identity around some x in the domain
of h whenever h is the identity on some open set whose closure contains x. (See [9,6].) A foliation is said to be
quasi-analytic if its holonomy pseudogroup is.
Lemma 1. The holonomy pseudogroup of a minimal flow is quasi-analytic.
Proof. Suppose that Γϕ is the holonomy pseudogroup for a minimal flow ϕ. Suppose that h ∈ Γϕ is a map h :D(h) →
R(h) and O is an open set in D(h) such that h is the identity on O . Since a minimal flow has no periodic orbits, h is
the time-zero map h(x) = ϕ0(x). Thus, if x ∈ D(h) is any point in the closure of O then h is the identity on some
neighborhood of x. 
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of Γϕ that is closed under compositions such that, for every ε > 0, there is some δ(ε) > 0 such that
d(x, y) < δ(ε) ⇒ d(h(x),h(y))< ε
for all h ∈ S, and x, y ∈ Σi ∩ h−1(Σj ∩ Imh). A foliation is said to be strongly equicontinuous if its holonomy
pseudogroup is.
Remark 1. In [10], the case of general pseudogroups of local homeomorphisms of a quasi-local metric space are
considered. In our case the metric on each Σi is induced from the metric on M .
Remark 2. We say that a flow is strongly equicontinuous if its holonomy pseudogroup is strongly equicontinuous. By
equivalence of holonomy pseudogroups (see Lemma 8.8 of [10]) the holonomy pseudogroup generated by the return
maps for some cross section Σ is strongly equicontinuous if and only if the holonomy pseudogroup generated by the
return maps for every cross section is strongly equicontinuous.
Remark 3. Observe that Γϕ is not strongly equicontinuous if and only if every parametrization of ϕ is nowhere
equicontinuous.
For spaces Y and Z, let C(Y,Z) denote the family of continuous maps from Y into Z, which will be denoted by
Cc−0(Y,Z) when it is endowed with the compact-open topology. For open subspaces O and P of a space Z, the space
Cc−0(O,P ) will be considered as an open subspace of Cc−0(O,Z) in the canonical way. The following theorem
appears as Theorem 2.4 in [9] and as Theorem 12.1 in [10].
Theorem 2. LetH be a quasi-effective, compactly generated and strongly equicontinuous pseudogroup of local trans-
formations of a locally compact polish space Z.
Let S be a symmetric set of generators of H that is closed under compositions and restrictions to open subsets,
and satisfies the conditions of strong equicontinuity and quasi-effectiveness. Let H˜ be the set of maps h between open
subsets of Z that satisfy the following property: for every x in the domain of h, there exists a neighborhood Ox of x
in the domain of h so that the restriction h|Ox is in the closure of C(Ox,Z)∩ S in Cc−0(Ox,Z). Then:
(1) H˜ is closed under composition, combination and restriction to open sets;
(2) every map in H˜ is a homeomorphism around every point of its domain;
(3) the maps of H˜ that are homeomorphisms form a pseudogroup 
H that contains H;
(4) 
H is strongly equicontinuous;
(5) the orbits of 
H are equal to the closures of the orbits of H; and
(6) H˜ and 
H are independent of the choice of S.
If a pseudogroup H satisfies the conditions of Theorem 2, then the pseudogroup 
H is called the closure of H.
Lemma 2. The closure of the holonomy pseudogroup of a minimal flow is quasi-analytic. That is, if ϕ is a minimal
flow then 
Γϕ is quasi-analytic.
Proof. Suppose that Γϕ is the holonomy pseudogroup for a minimal flow ϕ. Choose Γϕ itself as the set of generators
for use with Theorem 2. If h is in Γϕ then h satisfies the criteria for quasi-analyticity since Γϕ is quasi-analytic. If
h /∈ Γϕ , then for every x in the domain of h, there exists a neighborhood Ox of x in the domain of h so that the
restriction h|Ox is in the closure of C(Ox,Σ)∩ S in Cc−0(Ox,Σ).
Let O be an open set in D(h) such that h|O is the identity and suppose that q ∈ D(h) is a point in the closure of O .
It suffices to show that there is a neighborhood Nq of q such that h is the identity on Nq .
Since the compact-open topology is the topology of uniform convergence on compact subsets, there exists a com-
pact set C ⊂ D(h) such that q is an interior point of C,O ⊂ C (possibly shrinking O) and there exists a sequence of
maps hi ∈ Γϕ such that hi → h uniformly on C.
Since ϕ is minimal, there is a point p ∈ O and a time τ ∈R+ such that ϕτ (p) = q . Choose a neighborhood N ′p of
p and N ′q of q in C such that the first return map f :N ′p → N ′q is a homeomorphism taking p to q . If N ′p and N ′q are
small enough, then we can rescale time so the f (x) = ϕ1(x) for x ∈ N ′p .
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Np = f−1(Nq). Extend f :N ′p → N ′q to a homeomorphism of M by
f (x) = ϕ1(x) for x ∈ M.
Then f :M → M is a conjugacy of the flow, taking the cross section N ′p to the cross section N ′q . Thus, f commutes
with return maps for the cross sections Np and Nq . For any point y = f (x) ∈ Nq ,
h
(
f (x)
)= lim
i→∞hi
(
f (x)
)= lim
i→∞f
(
hi(x)
)= f ( lim
i→∞hi(x)
)
= f (x)
and hence h is the identity on Nq . 
Recall that a foliation is said to be transitive if it has a dense leaf. The main theorem from [9] is the following.
Theorem 3. Let (X,F) be a transitive compact foliated space. Then F is a Riemannian foliation if and only if X
is locally connected and finite dimensional, F is strongly equicontinuous and quasi-analytic, and the closure of its
holonomy pseudogroup is quasi-analytic.
Theorem 3 implies the following more simple theorem for flows on closed finite dimensional manifolds (which are
always locally connected).
Theorem 4. Let ϕ be a transitive flow on a compact n-dimensional manifold. Then ϕ is topologically conjugate to
a Riemannian flow if and only the holonomy pseudogroup Γϕ is strongly equicontinuous and quasi-analytic, and the
closure of Γϕ is quasi-analytic.
3. Proof of Theorem 1
Suppose that ϕ is a minimal flow on M . Assume that ϕ is not nowhere equicontinuous. We claim that ϕ is topolog-
ically conjugate to a Riemannian flow. By Remark 3, ϕ is strongly equicontinuous. By Lemma 1, Γϕ is quasi-analytic.
By Lemma 2, 
Γϕ is quasi-analytic. Thus, by Theorem 4, ϕ is topologically conjugate to a Riemannian flow. Thus, ϕt
is a 1-. . . .
Since M is a compact Riemannian manifold, the isometry group of M admits the structure of a compact Lie group
and this group acts smoothly on M . In general, the closure of any orbit of a 1-parameter group of isometries is the
homogeneous space of a torus. Since every orbit in M is dense, M is a torus. It is well known that the only minimal
flow on a tours is a linear flow with irrational slopes. This proves Theorem 1.
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